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implies Theorem 8.6 of this article. Here we show stability (resp. semistability) by showing that
the restriction of a sheaf to a given curve is stable (resp. semistable). In Theorem A.1 we use
an elliptic curve. This gives us the least restrictive conditions on the integer parameters n and d .
However, we cannot show stability, because there exist no stable vector bundles of given rank r
and degree d on an elliptic curve unless r and d are coprime.
Thus, to obtain slope stable coherent sheaves we have to consider curves of genus greater
than 1. This is done in Theorems A.2 and A.3. It should be remarked that the kernel of a mor-
phisms ϕ :O⊕n
PN
→OPN (d) is no vector bundle for nN . However, even in these cases we can
deduce (semi)stability.
The strategy of all proofs is as follows:
(1) We take a suitable (semi)stable sheaf G on a curve C ⊂ PN .
(2) We show that there exits a short exact sequence
0 → G →O⊕nC ϕ¯−→OPN (d)|C → 0.
(3) We show that ϕ¯ is the restriction of a morphisms O⊕n
PN
ϕ−→OPN (d) to the curve C.
(4) Now the kernel F = ker(ϕ) is a coherent sheaf on PN which is a vector bundle in an open
set containing the curve C.
(5) This implies (see [4]) that the restriction of F to the generic curve in the Hilbert scheme of
curves is (semi)stable.
(6) From that we eventually conclude that F is (semi)stable, because the restriction of an unsta-
ble sheaf to the generic curve in PN is unstable too.
To show (3) it is sufficient to take projectively normal curves C ⊂ PN . We use the theorem of
Castelnuovo, Mattuck and Mumford which states that on a curve C of genus gC every line bun-
dle L of degree deg(L) > 2 · gC is normally generated (see [2]). This implies that the embedding
C → P(H 0(L)) is projectively normal.
Theorem A.1. Let E ⊂ PN be a smooth projective elliptic curve embedded by a complete linear
system of degree N + 1. If the integers n and d satisfy 2  n  d(N + 1), then the kernel of a
general morphism ϕ ∈ Hom(O⊕n
PN
,OPN (d)) is a semistable vector bundle when restricted to E.
This implies that ker(ϕ) is a slope semistable coherent sheaf for ϕ generic.
Proof. Let F be a semistable vector bundle on the elliptic curve E with rk(F ) = n − 1 and
det(F ) ∼= OPN (d)|E . This implies deg(F ) = d(N + 1). The existence of such a vector bundle
follows from Atiyah’s work [1]. The inequality n d(N + 1) implies that μ(F) = deg(F )
rk(F ) > 1.
Let P ∈ E be an arbitrary geometric point of E. We consider the vector bundle F(−P) =
F ⊗ OE(−P). We compute that the slope μ(F(−P)) = μ(F) − 1 > 0. This implies that
H 1(E,F (−P)) = 0. Thus, we conclude from the long exact cohomology sequence associated to
0 → F(−P) → F → F ⊗ k(P ) → 0 that F is globally generated in the point P . We eventually
obtain the surjectivity of the evaluation map H 0(E,F )⊗OE → F .
By the Riemann–Roch theorem we have h0(F ) = d(N +1) n. Suppose now that h0(F ) > n
holds. We claim that for a general n-dimensional subspace V ⊂ H 0(E,F ) the evaluation mor-
phism evV :V ⊗OE → F is surjective. This is done by a dimension count. The dimension of
426 H. Brenner / Advances in Mathematics 219 (2008) 401–427the Grassmannian variety of all n dimensional subspaces of H 0(E,F ) is n(h0(F ) − n). Next
we consider a surjection F α−→ k(P ) and denote its kernel by F ′. Since F is globally gener-
ated h0(F ′) = h0(F ) − 1. We deduce that the Grassmannian of all n-dimensional subspaces V
of H 0(E,F ), such that the image of the evaluation map evV is contained in F ′, is of di-
mension n(h0(F ) − n − 1). Since the surjections F → k(P ) are parametrized by P(F ), and
dim(P(F )) = rk(F ) = n− 1, we conclude the claim.
Now we take a surjection β :O⊕nE → F . The kernel of this surjection is the line bundle
OPN (−d)|E . Thus, considering the dual of β we obtain the following short exact sequence of
semistable vector bundles on E:
0 −→ F∨ β∨−−→O⊕nE ϕ¯−→OPN (d)|E −→ 0
If we can show that the surjection ϕ¯ is the restriction of a homomorphism ϕ ∈ Hom(O⊕n
PN
,
OPN (d)), then our theorem is proven. In order to conclude our proof, we have to show the surjec-
tivity of the restriction map Hom(O⊕n
PN
,OPN (d)) → Hom(O⊕nE ,OPN (d)|E) which is equivalent
to the surjectivity of H 0(OPN (d)) → H 0(OPN (d)|E). However, this is fulfilled since E is pro-
jectively normal. 
Theorem A.2. Let C be a smooth quartic in P2k . If the integers n and d fulfill the inequality
2  n  45d + 1, then the kernel of a general morphism ϕ ∈ Hom(O⊕nP2 ,OP2(d)) is a stable
vector bundle when restricted to C. This implies that ker(ϕ) is a slope stable coherent sheaf for
a general morphism ϕ.
Proof. The only new ingredient in our proof is the existence of stable vector bundles with given
determinant on the curve C of genus 3. This may be deduced from [3]. Indeed, we need a rank





n− 1  5.
This implies the global generatedness of F and we can proceed as in the above proof, because C
is projectively normal. 
Theorem A.3. Let C ⊂ PN be a smooth curve of genus two embedded by a complete linear
system of degree N + 2 for N  3. If the integers n and d suffice 2  n  N+23 d + 1, then the
restriction of the kernel of a general morphism ϕ ∈ Hom(O⊕n
PN
,OPN (d)) to C is a stable vector
bundle. Thus, ker(ϕ) is a slope stable coherent sheaf on PN .
Proof. As in the proof of Theorem A.2 we have stable vector bundles F with given determinant
on C. Since C is of genus two, every stable vector bundle F with μ(F) 3 is globally generated.
The projective normality of C is deduced again by the theorem of Castelnuovo, Mattuck and
Mumford. 
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